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Abstract. We study the s-numbers of elementary operators acting on C*- 
algebras. The main results are the following: If r is any tensor norm and A, B € 
B(7i) are such that the sequences s(A), s(B) of their singular numbers belong 
to a stable Calkin space i then the sequence of approximation numbers of A® T B 
belongs to i. If A is a C*-algebra, i is a stable Calkin space, s is an s-numbcr 
function, and ai,bi <G A, i — 1,2, ...,m are such that s(ir(a,i)), s(ir(bi)) e i, 
i = 1, 2, . . . , m for some faithful representation n of A then s (X^i ^a it bi) € i. 
The converse implication holds if and only if the ideal of compact elements 
of A has finite spectrum. We also prove a quantitative version of a result of 
Ylincn. 



INTRODUCTION 

Let A be a C*-algebra. If a, b G A we denote by M a ^ the operator on A given 
by M a ^ b (x) = axb. An operator § : A ^ Ais called elementary if $ = YlT=i ^-chM 
for some eij, b{ G A, i — 1, . . . ,m. 

Let H be a separable Hilbert space and B(7i) the C*-algebra of all bounded 
linear operators on 7i. A theorem of Fong and Sourour [10] asserts that an 
elementary operator $ on B(7i) is compact if and only if there exists a repre- 
sentation Y^h=i ^Ai,Bi of $ such that the symbols Bi, i = l,...,m of $ are 
compact operators. An element a of a C*-algebra A is called compact if the op- 
erator M aa is compact. Ylinen [21] showed that a G *A is a compact element if 
and only if there exists a faithful ^representation n oi A such that the operator 
it (a) is compact. 

The result of Fong and Sourour was extended by Mathieu [H] who showed 
that if A is a prime C*-algebra, then an elementary operator $ on A is compact 
if and only if there exist compact elements ai,bi G A, i = 1, . . . , m, such that 
$ = YliLx^OiA- Recently Timoney [20] extended this result to general C*- 
algebras. 

In this paper we investigate quantitative aspects of the above results. It is 
well-known that a bounded operator on a Banach space is compact if and only if 
its Kolmogorov numbers form a null sequence. In our approach we use the more 
general notion of the s-function introduced by Pietsch and the theory of ideals 
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of B(7i) developed by von Neumann, Schatten, Calkin and others. A detailed 
study of these notions is presented in the monographs [IE], [5], [H] and [IS] . 

In Section [1] of the paper we recall the definitions of Calkin spaces and the 
basic properties of s-functions. 

In Section [2] we study stable Calkin spaces. An analogous property for ideals 
of B(7^), called "tensor product closure property", was considered by Weiss [22J. 
We give a necessary and sufficient condition for the stability of a singly generated 
Calkin space. We also provide a sufficient condition for the stability of a Lorentz 
sequence space. 

If a, b G A and C is a C*-subalgebra of A such that M a>b {C) C C we denote 
by M% b the operator C — > C defined by M% b (x) = axb. In Section [3] we prove 
inequalities relating s-number functions of the operators M a j, and M^ b . 

In Section @] we study elementary operators acting on B(7Y). Some of our 
results can be presented in a more general setting. Namely, we show that if r is 
any tensor norm and A,B 6 B(7Y) are such that s(A),s(B) belong to a stable 
Calkin space i then the sequence of approximation numbers of A ® T B belongs 
to i. A result of this type for i = i PA was proved by Konig in (12] who used it 
to prove results concerning tensor stability of s-number ideals in Banach spaces. 
We also show that if $ is an elementary operator on B(7i), i is a stable Calkin 
space and s is an s-function then s(<3>) G i if and only if there exist A^B^ G B(7i), 
% — 1, . . . , m, such that $ = Y^iLi ^Ai,Bi and s(Ai), s(£>j) G i. It is well known 
that all s-functions coincide for operators acting on Hilbert spaces. It follows 
from our result that if $ is an elementary operator on B(7i), i is a stable Calkin 
space and s, s' are s-number functions, then the sequence s(<3>) belongs to i if and 
only if the sequence s'($) belongs to i. 

In Section [5] we study elementary operators acting on C*-algebras. We show 
that if A is a C*-algebra, i is a stable Calkin space, s is an s-number function, 
and cii, bi G A, i = 1, . . . , m, are such that s(7r(aj)), s(7r(6j)) G i, i = l,...,m 
for some faithful representation n of A then sf^™^ M a - G i. The converse 
implication holds if and only if the ideal of compact elements of A has finite 
spectrum. Finally, we prove that if a G A and d(M a a ) G i for some Calkin space 
i then s(p(a)) 2 G i, where p is the reduced atomic representation of A. This result 
may be viewed as a quantitative version of the aformentioned result of Ylinen. 



1. CALKIN SPACES AND S-FUNCTIONS 

In this section we recall some notions and results concerning the ideal structure 
of the algebra of all bounded linear operators acting on a separable Hilbert space. 
We also recall the definition of an s-function. 

We will denote by B the class of all bounded linear operators between Banach 
spaces. If X and y are Banach spaces, we will denote by B(A", y) the set of all 
bounded linear operators from X into 3^- If X = y we set B(A') = H(X,X). 
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Ideals of B(Af) or, more generally, of a normed algebra A, will be proper, two- 
sided and not necessarily norm closed. By K(Af) (resp. F(X)) we denote the 
ideal of all compact (resp. finite rank) operators on X. By ||T|| we denote the 
operator norm of a bounded linear operator T. We denote by the space of all 
bounded complex sequences, by Co the space of all sequences in converging to 
and by coo the space of all sequences in Co that are eventually zero. The space 
of all p-summable complex sequences is denoted by £ p . For a subspace j of ioo, we 
let ] + be the subset of j consisting of all sequences with non-negative terms. We 
denote by Cq the subset of Cq consisting of all non-negative decreasing sequences. 

If a = (a„)™ =1 and (3 = (/3 n )^Li are sequences of real numbers, we write 
ex < f3 if a n < j3 n for each n G N. For every en = (a„)™ =1 G c we define 
a* = G Cq to be the sequence given by 

a* = max{|a n | : n G N}, 

a* + ha* = max {J2iei : ^ N, |J| = n} . 

The sequence cx* is the rearrangement of the sequence (|a!n|)£Li m decreasing 
order including multiplicities. 

A Calkin space [18] is a subspace i of c which has the following property: 

If ct G i and (3 G c then f3* < a* implies that f3 G i. 

Let H be a separable Hilbert space. If e, / G TC we denote by /* <g> e the rank 
one operator on 7i given by /* <g> e(x) = (x,f)e, x E 71. Given an operator 
T G K(7^) there exist orthonormal sequences (f n )^ =1 C 7^ and (en)^!]^ C and 
a unique sequence (s n (T))^L 1 G Cq such that 

oo 

T = Y,Sn(T)r n ®e n 

n=l 

where the series converges in norm. Such a decomposition of T is called a Schmidt 
expansion. The elements of the sequence s(T) = (s n (T))^ =1 are called singular 
numbers of T. 

For every ideal X C B(7i) we set 

i(Z) = {a G Co : there exists T G Xsuch that a* = s(T)}; 

conversely, for every Calkin space i we set 

X(i) = {TE B(H) : a(T) G i}. 

The following classical result describes the ideal structure of B(7Y) in terms of 
Calkin spaces (for a proof of the formulation given here see [HI Theorem 2.5]). 

Theorem (Calkin [1]) LetTi be a separable infinite dimensional Hilbert space. 
The mapping X i— > i(X) is a bijection from the set of all ideals o/B(7Y) onto the 
set of all Calkin spaces with inverse i i— > X(i). 
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We now recall Pietsch's definition of s-functions. A map s which assigns 
to every operator T G B a sequence of non-negative real numbers s(T) = 
(si(T), S2(T), . . . ) is called an s-function if the following are satisfied: 

(1) ||T|| = Si(T) > s 2 (T) > . . . , for T G B. 

(2) s n {S + T) <s n (5) + ||T||,for S,T <=B{X,y). 

(3) s n (RST) < \\R\\ \\T\\s n (S), for T G B{X, y), S G B(y, Z), R & B(Z, W). 

(4) If rank(T) < n then sjT) = 0. 

(5) s„(J„) = l, where I n is the identity operator on (Here £2 i s the n- 
dimensional complex Hilbert space). 

An s-function s is said to be additive if s m+n _i(S' + T) < s m (S) + s n (T) for all 
m,n and S,T G B{X,y). 

We give below the definition of some s-functions which will be used in the 
sequel. Let X and y be Banach spaces and T G B(X,y). 

(a) The sequence a(T) = (a n (T))J^ =1 of approximation numbers of T is given 
by 

a n (T) =inf {||T- A|| : A G B^,^), rank(A) < n} . 

(b) The sequence d(T) = (d n (T))^ < L 1 of Kolmogorov numbers of T is given by 

d n (T) = inf sup inf \\Tx — y\\, 

V ||x||<l ^ 

where the infimum is taken over all subspaces of y with dim V < n. 

(c) The sequence h(T) of Hilbert numbers of T is given by 

hn(T) = sups„(ATB) 

where the supremum is taken over all contractions A G B(y,H), B G B(/C, X) 
and Hilbert spaces 7i and /C. 

The approximation, the Kolmogorov and the Hilbert s-functions are additive 
[TB] . Moreover, for every s-function s, every operator T G B and every n we have 
h n (T) < s n (T) < a n (T) H5J. 

A well-known result of Pietsch ([TBI Theorem 11.3.4 ]) implies that if s is an 
s-function, Ti is a separable Hilbert space and T G K(7Y) then s„(T) is equal to 
the n^-singular number s n (T) of T. 

2. STABLE CALKIN SPACES 

In this section we present some results concerning stable Calkin spaces. We 
characterize the stable principal Calkin spaces and show that certain Lorentz 
sequence spaces are stable Calkin spaces. 
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If a = (« n )™ =1 , (3 = (P n )%Li G c , we define the sequence a.® f3 = (7 n )£Li G Cq 

by 

71 = max{\ai(3j\ : (z, j) eNxN} 



7i 



+ • • • + j n = max fe(ij)e/ : 7 - N X N ' I 1 ' = n } ■ 



The sequence a ® (3 is the rearrangement of the double sequence (\a n j3 m \) 
in decreasing order including multiplicities. 



oo 

n,m=l 



Definition 2.1. Let i and j 6e Calkin spaces. We let i®j be the smallest Calkin 
space containing the sequences ex.® (3, where ex G i and {3 G ). A Calkin space i 
is said to be stable if i ® i = i. 

Let H be a separable infinite dimensional Hilbert space. Weiss [22] defined 
the tensor product closure property for ideals of B(T^). An ideal X of B(7i) has 
this property if S ® T G X whenever S,T E I. Here the Hilbert space H ®H is 
identified with 7i in a natural way. It is easy to see that an ideal X C B(7Y) has 
the tensor product closure property if and only if i(X) is a stable Calkin space. 
We will need the following lemma. 

Lemma 2.2. If ex., ex.', (3, (3' E Cq are such that ex < ex 1 and (3 < (3' then ex® (3 < 
ex'® (3'. 

Proof. Clearly a m f3 n < ot' m (3' n for every m, n. So to prove the lemma it suffices 
to prove that if ex < (3 then ex* < (3*. Consider an injection 7r : N — > N such 
that a* = a^(n)- Clearly a\ < (3*. Suppose that a* < 0* for i = 1, . . . , n — 1. If 
a* > (3* then a* > f3* for every % = 1, . . . , n and hence /^(i), . . . , (3 n ( n ) are strictly 
greater than (3* so the number of all i G N such that $ > /3* is greater than 
n — 1, a contradiction. □ 

Notation 2.3. (1) J/a n = are finite sequences, we set 

(«X=i = • • ■.4 1 ) a i 

(2) 7/w G C and r G N we set (a;) r 



(ttn)JJLi = (ai, • • • , c4, a?, • • • , afc 2 , a?, • • • , a>l 3 , . . .). 



r times 

(3) J/r G N we letr = ( 1,1 1 ,0,0,...). 

r times 

(4) If cx,f3 are sequences of real numbers we write ex < (3 if there exists a 
constant C > such that ex < C(3. 

Observe that if (M n )™ =0 , (N n )%L o are sequences of non negative integers then 

(1) (K)mX= ® (KkX= = (ME^M.ivJ^o- 

Lemma 2.4. Let i be a Calkin space. If ex G i and /3 G Cqo t^en ck ® (3 G t. 



6 M. ANOUSSIS, V. FELOUZIS AND I. G. TODOROV 

Proof. Let ex* = (a*)^. Clearly, if r G N then 

r® ex = (K) r ,(a*) r ,...,«) r ,...)- 

It follows from the definition of a Calkin space that r ® a G i. Since (3* G c^~ , 
there exists r G N such that (3* < r. By Lemma 12.21 f3®a = f3*®ct<r&)Ct. 
Hence, (3 (g> a G i. □ 

The following notation will be used in the sequel. 

Notation 2.5. Let a = (a m )m=i e c o an< ^ u e (0> !)• -^ or ever ?/ ft = 0, 1, ... , 

set 

n 

^)(a) = £^(a), A|J«)(a)= £ ^(a)^(a), 

i=0 i+j=n 
n 

M n M (a) = ^Af^(«), 

i=0 

tfifta) = ATil 5 (a) = Mi? (a) = Adg^a) = 0. 

Lemma 2.6. Let uj G (0,1), a = (a m )^ =1 <E Cq , (3 = {j3 m )™ =l G Cq. Assume 
that ai,Pi < 1. T/ien a < (3 if and only if there exists a positive integer r such 
that for every n G N U {0}, 

K^(cx)<K^ r ((3). 

Proof. Set K n = K^\ct) and L n = kt\/3). Suppose that a < (3 and let C > 
be such that a m < Cf3 m , for every m G N. Let r G N be such that ufC < 1. 
Then % n > C" 1 ^ > C^u/^ 1 > u n+1+r . Thus, £T n < Z n+r . 

Conversely, suppose that there exists r G N such that K n < L n+r , for every 
n G N U {0}. Fix m G N and let n and fc be such that m = K n ^i + k and 
1 < k < K n . Since X n _i < m < K n < L n+r we have 

„ ^ , ,n , ,—r—X. ,n+r+l ^ , — r— 1/3 ^ , ,-r-lo 

Thus, a < (3. □ 

If a G Co we let (ex.) denote the smallest Calkin space containing ex. A Calkin 
space of the form (ex.) is called principal. The proof of the following lemma is 
staightforward. 

Lemma 2.7. If ex G cq then 

(ex) = {(3 G Co : there exists r G N stzc/i t/iat /3* < r ® ck}. 

Theorem 2.8. Let a = (a^^Lj G Cq mi/i ai < 1 ane? u G (0, 1). TTie following 
are equivalent: 
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(1) The principal Calkin space (a) is stable. 

(2) en ® a G (a). 

(3) There exists r G N and C > such that Mn (at) < CK%+ r (a), for every 
neNU{0}. 

Proof. (1)=>(2) is trivial. 

(2)=^(1) Let j3,7 6 (at). By Lemma |2.7[ there exist positive integers m, n 
such that /3 < m ® o; and 7 < n g) ck. By Lemma 12.21 we have that (3 <S> 7 < 
(m ® a) (g) (n ® a) = (mn) ® (a <8> a). Since ex <g> a G (a), using Lemma 12.71 
again we conclude that /3 <E> 7 G (a) and so (at) is stable. 

(1)^(3) Set K n = K { n\cx) and 5 = ((u n ) K J%> =0 ; clearly, (a) = (a). By^he 
previous paragraph, (a) is stable if and only if 5® a G (5). By Lemma I2T71 5® 
5 G (5) if and only if there exists a positive integer m such that 5® 5 < m®5. 
Since K^ } (5 ® a) = M^\a) (see equation P) and ^(m ® 5) = m#& w) (a) 
the conclusion follows from Lemma [2.61 □ 

Corollary 2.9. Let at = {a n )^ =1 G Cq «i < 1 and a; G (0, 1). Suppose that 
C > is a constant such that 

(2) «Si(«)>c(t^(«) 

\i=0 

/or a// j GN and n G N U {0}. TTien (a:) is a stable Calkin space. 

Proof. Set K n = Kt\a), K n = K^\oc) and = M { n\et). Let r be a positive 
integer such that rC > 1. Since (^2™ =0 Ki) 2 > M n , it follows that 

K n+r > K n+1 + ■■■ + K n+r > rCM n > M n , n G N 
and hence condition (3) of Theorem 12.81 holds. □ 
We next give some examples of stable and non-stable principal Calkin spaces. 

Examples 

(1) It follows from assertion (3) of Theorem 12.81 that for every uj G (0,1), 
the principal Calkin space ((w n )^L ) is not stable. This example was first 
given in |22j . 

(2) Let A > and ol = (rT x ) c £ =1 . Then the principal Calkin space (a) is not 
stable. To show this, let \jl = A -1 and uj = e -1 . Let K n , M n , K n , M n be the 
positive integers associated with the sequence {n~ x )^ =1 and uj (Notation 
[23]) . Since 

- [e (j+1)M - e J> ] < Kj < [e (j+1) ^ - e j>1 ] , 

there exist constants C±, C2 > such that for every j 

C 2 e J> < K, < de?". 
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It follows that M n = Y. l+j =n K i K i > ( n + l)C|e nM . Let r be a positive 
integer. Then 

K n+r < = ^ =^ 



and 



- 1 

i=0 



rn 

M n > C\ (t+ iy Lt dt > C 3 ne nfl 
Jo 



for some C 3 > 0. Thus, 



lim — = +oo 

n— >+oo fC , 

for each r G N. By Theorem 12.81 (a) is not stable. 

It follows from the characterization of the symmetrically normable prin- 
cipal ideals due to Allen and Shen |T] that the principal ideal (T) of B(7i) 
generated by an operator T with s(T) = (n )J£L 1 , A G (0, 1) is symmet- 
rically normed. However, as we have shown, the principal Calkin space 
<(ra- A )^° =1 ), for A G (0, 1), is not stable. 

/ \ oo 

(3) Let a = ( j^^J . Then the Calkin space (a) is stable. To see 

this, consider the positive integers K n , M n , K n , M n associated with the 
sequence f ^ m J and lo — \ (Notation |2.5j) . We have that = 

2 2 " +1 -2 2 ". Since™" 2 

(K + ... + K n f= (2 2 " +1 -2) 2 

it follows from Corollary 12.91 that (a) is stable. 

In the sequel we examine the stability of a class of Calkin spaces, namely, the 
Lorentz sequence spaces. We recall their definition [13]. Let 1 < p < oo and let 
w = (w n )^ =1 be a decreasing sequence of positive numbers such that wi = 1, 
lim^oo w n = and Y^=i w n — 00 • We shall call such a w a weight sequence. 
The linear space £ WiP of all sequences a. = (a n )^ =1 of complex numbers such that 



ll«l|w,p d = sup | y2^ Wn \ a *(n)\ P J J < °°> 

where 7r ranges over all the permutations of N, is a Banach space under the 
previously defined norm, called a Lorentz sequence space. 
If a G ^ w ,p then we easily see that 





,n=l 
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If w n — ni with < p < q we obtain the classical £ q>p spaces of Lorentz. 

Theorem 2.10. Let w = (w n )^ =1 be a weight sequence such that there exists a 
constant C > with w mn < Cw m w n for every m,n e N. Then for every p > 1 
and ct,f3& £ WjP we have that 

||a<g>/3|| w>p < C 1/p ||a|| W)P ||/3|| WjP . 
In particular, £ w >p is a stable Calkin space. 

Proof. We may assume that a = (a n )^ =1 and (3 = (/3 n )^ =1 are positive decreasing 
sequences with ai,f3\ < 1. Fix uj with < uj < 1. For every n G N U {0} let 

K n = \K%\a)\, L n = |/Ci w) (/3)|, M n = Eo<i +j <n K i L j and K -i = L ~i = M-i = 
0. 

Let 

« = (KkX=o, 3 = (K)0^- 

Then 

For every n, i, k, I e N U {0} such that < z < n, 1 < k < Ki and 1 < / < L n -i 
we set 

i-l 
3=0 

Also, for every i, I < k < and 1 < / < we set 

i-l j-l 
3=0 3=0 

We observe that for every positive integer r, (a ® /3) r = cu™ if and only if r = 
M n _i + s with 1 < s < J2i+j= n KiLj and therefore (a ® /3) r = a; n if and only if 
there exist n, i, k, I G N U {0} such that < z < n, 1 < k < K { , 1 < Z < and 
r = n (z, fc, /). So, 

oo / n Ki L n -i \ 

(4) ii& ® 311^ = £ £ £ £ 

n=0 \i=0 fe=l J=l / 

Also, a r = uj 1 if and only if r = Y^ 3 ~=-i Kj + ^ f° r some & with 1 < k < Ki and 
f3 r = uj 1 ' if and only if r = J2]=-i Lj + I for some I with 1 < / < L v . So, 

oo / K n 



i«iiw, P = E £ w ^) uHP > H^llw,P = E E W V"(n,0 J " 

n=0 \fc=l / n=0 \2=1 



Tip 
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and 

oo / n Ki L n -i 
(5) Il3llw,p =E EEE Uty(i,fc)«V(»-i,0 



uj np . 



n=0 \i=0 k=l 1=1 



But 



k) f{ n - 1, o = (e5= ^ + (es _1 *y + i) = 

Ejli EjSr 1 + * ES' 1 l 3 + i E5= + hi < 
EJli EJ=o _1 + ^ EJ=o _1 L i + L «-i Eji #i + kl 



<M n ^ + kl<(f> n {i,k,l). 
By the monotonicity of the weight sequence w we have 

(6) Wcf> n (i,k,l) — w ip(i,k) i>'(n-i,l) < Cw^( i:k ) W^i 

Finally, by fll, © and ©, 

||«®/3||w, P < ||a® j 9|| WjP <C7 1 / I, ||a|| WiP || i 9|| WJ> 

= C 1 ^ ||wa|| WJ , ||w3|| WJ , < C 1/p ^ ||a||w,p ||/3||w, P . 
Letting a; — > 1 we obtain 

||a®/3|| p , w <C 1/p ||a|| WlP ||/3|| W)P . 

3. S-NUMBERS OF RESTRICTIONS 



□ 



Let .4 be a C*-algebra. If a, b G ^4 we denote by M a ^ the operator on A given 
by M a) &(x) = axb. An operator t& : ^4 — ^ ^4. is called elementary if $ = E^Li ^-(hM 
for some ai,bi E A, i = I, . . . ,m. 

If C is a C*-subalgebra of A such that M a b {C) C C we will denote by Mf 6 the 
operator C — > C defined by M% b (x) = axb. In this section we prove inequalities 
concerning s-number functions of the operators M a ^ and M% b . 

It is well-known that every closed two-sided ideal J of A is an M-ideal, that 
is, that there exists a projection 77 : A* — > J 1 , where J 1 - is the annihilator of J 
in A*, such that for every ip <E A*, 

IMI = \\v(^)\\ + \\<p-v(<p)\\ 

(see e.g. [7], Theorem 11.4). A functional tp G A* is called a Hahn-Banach 
extension of G J7"* if it is an extension of (ft and = \\<f)\\. If is an M-ideal 
of A then every <p G J7"* has a unique Hahn-Banach extension in A* denoted by 
(f). Thus, if we identify J* with the subspace {(p : 4> <E J*} oi A* then 

A* = J* ® h J ± ; 
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thus ||0 + V|| = H0II + U\\ for all 4> G J*, V e J 1 - Given T G B(,7) let 
T : A -> A be given by 

where G J* and -0 G J"" 1 . We identify A with a subspace of A* via the 
canonical embedding and denote by T : A — > A* the restriction of T* to A 

Lemma 3.1. (1) Let T G B(J"). T/ien t/ie operator f extends T and \\f\\ = 
\\T\\. 

(2) The map T — > T is linear. 

Proof. The second assertion is easily verified. We show (1). Let x e J and 
/ G A*. Then / = J + ip with G J* and ^ G J r± . We have 

f(x)(f) = f\x)(f)=f(f)(x)=T^)(x)=T(4>)(x) 
= <f>{Tx) = <j>{Tx) = f{Tx) = T{x){f). 

Hence, T is an extension of T and so ||T|| < \\T\\. 

We show that ||T|| < ||T||. Let x G A and / G A*. Then / = + ^ with 
G J"* and ^ G J"- 1 . We have 

|f(x)(/)| = \f*(x)(f)\ = \f(f)(x)\ = \T^)(x)\^ ||T^j|| ||x|| 

= ||T10)||||x||<||T1|||0||||x|| = ||T1|||0||||x||<||T1|||/||||x||. 

Hence ||T|| < ||T*|| = ||T|| and the proof is complete. 

□ 

Let X be a reflexive Banach space and t : ^7"* — > A be the map defined by 
L(<f>) = 0, G J*. Clearly ||t|| = 1. 

Let T : J —> X. Write T tt : A -> X for the restriction of (i o T*)* to A 

Lemma 3.2. TTie operator T* extends T and ||r»|| = ||T||. 

Proof. Let a G J" and g G X*. We have that 

T«(o)(g) = (loT*)* (a)(9) = a(( L (T*(g)) = i(T*(g))(a) = T%)(a) 
= T*(g)(a)=g(Ta)=T(a)(g). 
Hence T" extends T and so ||T|| < \\T*\\. On the other hand, 

||T fl || < ||(toT*)*|| = ||toT*|| < ||t||||T*|| = ||T||. 

□ 

Lemma 3.3. Let A be a C* -algebra, J C A be a closed two sided ideal and 
$ : A — > A be a bounded operator which leaves J invariant. Let $o : J ~^ J be 
the operator defined by &o(x) = $(x). Then h n ($ ) < h n ($) for each n G N. 
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Proof. Write Lq : J — > A for the inclusion map. In the supremum below, 7i and 
K, are arbitrary Hilbert spaces. Using Lemma [3.21 we have that 

hn($ ) = sup{s n (A$ B) : B G B(H, J),Ae B(J, K) contractions} 

= sup{s n (A^(i B)) : B G B(H, J),Ae B(J, K) contractions} 

< sup{s n (^i$5i) : B 1 G B(H, A), A\ G B(A, K) contractions} 

= K{$). 

□ 

If X is a Banach space, c G X and G X* we denote by <S> c the op- 
erator on defined by <g> c(x) = 0(x)c. We denote by F n (X) the set of 
all operators F on A" of rank less than or equal to n. It is well-known that 
F n (X) = {J2ti 4>i®(k: 0; G X*, a G X, i = 1, 2, . . . , n} . 

Lemma 3.4. Let A be a C* -algebra and J be a closed two-sided ideal of A. 

(1) Assume that a,b G J . Then M^ b (x) = M a>b (x) for every x G A. 

(2) Let (pi G J* , Q G J , i = 1, . . . ,n. Let F be the operator on J defined by 

F = Yli=i <fii® c i- Then F(x) = <Pi <S> (x) for every x G A. 

Proof. (1) Let S = M 0)6 , T = Mj,, and (p e J* . First note that S*{4>) is an 
extension of T*(0). Indeed, for every x G J we have that 

5*(0)(a;) = 0(5a?) = 0(Tx) = T*(0)(x). 

We show that S*((p) is the Hahn-Banach extension of T*(0). To this end, let 
x E A and {wa}aga ^ J be a contractive approximate unit for J . Then for each 
x E A, au\xb — >a ox6 in norm and hence (p(au\xb) — >a 4>(axb). We thus have 
that 

= ^(fe)! = |0(ax&)| = |0(ax&)| = lim \(p(auxxb)\ 

Ag A. 

= lim|T*(0)(w A x)| < ||T*(0)||||x||. 
AeA 

It follows that | \S* (0)| | < ||T*(0)||. Since S*((p) extends T* ((/>), we have that 

S*((p) is the Hahn-Banach extension of T*(0), that is, S*(<p) = T*(<f>). 
Let x e A and / G .A*. Then / = + ^ with (f> e J* and ip e J L and 

T(x)(/) = f^(x)(/)=T^(0)(x) = ^(0)(x)=0(&) 
= ^ + ^)(Sx) = S m {f)(x) = S(x)(f). 

(2) By Lemma T3. 1( 2) it suffices to show the statement in the case F = 0i<g)Ci, 

where 0i G J"* and Ci G J". Let (p e J* . We have that F*(0)(x) = 0i(x)0(ci) 
for every x G A. Indeed, the functional x — > 0i(x)0(ci) extends F*(cp) and has 
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norm equal to the norm of F*((f>) since \\4>i\\ = ||0i||- Let x G A and f E A*. We 
have / = (f> + ip, where <fi G J* and ip G J L . Then 

F{x){f) = Flx)(/) = %)(x) = F(H^)(i)=^W 

= 4>i{x)4>{ci) = 0i(x)0(ci) = 0i(x)/(ci) = (0i (8) ci)(x)(/). 

□ 

The following theorem is the main result of this section. 

Theorem 3.5. Let A be a C* -algebra, J be a closed two-sided ideal of A and 
a,b G J . Then for every neNw have that 

K (Mf b ) < K(M a:b ) < an (M a>b ) < &n(M( b ). 

Proof. The first inequality follows from Lemma I3U1 while the second one is trivial. 

In what follows the operators F for F G Y n -\(J") and Mf b are considered as 
operators from A to A; this is possible by Lemma 13.41 It follows from Lemmas 
13.11 and 13.41 that for every n G N we have 



an(M a , 6 ) = inf {| 


\M a , b 


-G\\ 


: G G F n _ 


M)} 


< inf | 


M a , b 


— F 


: FGF„, 


-l{J)} 


= inf | 


K b 


- F 


: F G F n . 


-l(J)} 


= inf{||M^ 


-F\ 


: F G F„_ 


. 1 (J)}=a B (M^) 



□ 

We close the section with a lemma which will be used in the proof of Theorem 

Lemma 3.6. Let B C B(7i) &e a C* -algebra, A = £> wot and A e A. Assume 
that AeB. Then d(M A>A ) < d (Mj[ A ) . 

Proof. Set d (Mf A ) = (d n )'£L 1 . Let e > and T C £> be a linear space such that 
dimjF < n and 

inf 1 1 AX A - Fll < d n + e 

for each contraction X G £>. It suffices to show that infp e jF ||AKA — F\\ < d n + e 
for each contraction F G A Suppose this is not the case and let Y G A be a 
contraction such that ||AKA — F\\ > d n + e, for each F E F. By the Kaplansky 
Density theorem, there exists a net (X v ) u C £> of contractions such that X„ — K 
in the weak operator topology. Let F v G J 7 be such that || AX^A — F^H < d n + e. 
We have that ||i^|| < d n + e + 1 for each u, and hence we may assume without 
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loss of generality that F v — > F in norm. We thus have AX U A — F v AY A — F 
weakly. It follows that 

\\AYA - Fo|| < liminf \\AX V A -F v \\<d n + e, 

a contradiction. □ 

4. Elementary operators on B(H) 

In this section we obtain estimates for the s-numbers of an elementary operator 
acting on B(7i) in terms of the singular numbers of its symbols. We formulate 
some of our results using tensor products. Recall [35] that a cross norm r is a 
norm defined simultaneously on all algebraic tensor products X <g> y of Banach 
spaces X and y such that r(x (8> y) = ||z||||y|| for all x G X and y G y. By 
X® r y we denote the completion of the algebraic tensor product with respect 
to t. A tensor norm is a cross norm r such that for every A G B(X,y) and 
B G B(A",y) the linear operator A ® B : X <g> X' -> ^ ® y given by A <g> 
£g> x') = Ax ® Sx' is bounded with respect to r and the norm of its extension 
A® T B G B(X® T X',y® T y') satisfies the inequality ||A® TJ B|| < \\A\\ \\B\\. 

In Theorem 14.21 below we give an upper bound for the approximation numbers 
of the operator A® T B in terms of the sequence s(A) ® s(B). We will need the 
following lemma which is due to Konig Lemma 2]. 

Lemma 4.1. Let r be a tensor norm, X,y be Banach spaces, A G B(£2,X), 
B G B(£ 2 ,y) and (Pk)k=o> (Qk)k=o be families of mutually orthogonal projections 
acting on £2- Then 

n 

J2 AP k®rBQ h 



k=0 



< max{||AP fc || \\BQ k \ 

0<k<n 



Theorem 4.2. Let 7i be a Hilbert space, A,Be K(7Y) and r be a tensor norm. 
Then 

(7) &(A® T B) < 6.75 s(A) ® s(B). 

Consequently, if i and ) are Calkin spaces, s{A) G i and s{B) G ) and s zs any 
s-function then s (A® r 5) G i ® j. 

Proof. If a = (a n )^ 1 is a bounded sequence we write D a G B(£ 2 ) for the diagonal 
operator given by D a ((x n )^ =1 ) = (ct n x n )^ =1 for (x n )£Li G ^2- It suffices to 
prove the theorem in the case where A and -B are diagonal operators in B(^)- 
Indeed, suppose that (jTj) holds in this case. By polar decomposition, there exist 
partial isometries Ua,Ub '■ TC — > £2, Va,Vb ■ £2 — >• W and diagonal operators 
Dc,,Df3 : £ 2 — * ^2, where ck = s(A),/3 = s(B), such that A = VaDoJJa and 
5 = VeDpllB. Then 

A® TJ B = (V A ® T VB)(D a ® T Dp)(U A ® T U B ), 
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and hence 

a(A® T B) < \\V a ®tV b \\ &(D a ® T D[3) \\U a ®tU b \\ < &(D a ® T D[3) < 
< 6.75 a® (3 = 6.75 s(A)®s(B). 

So let A = D a : £ 2 -> £ 2 , B = Dp:£ 2 ^ £ 2 , where a = {a n )™ =1 , (3 = {(3 n )n=x are 
non- negative decreasing sequences. We may further assume that a\,P\ < 1. Set 
a n = a n (y4® T 5) and fix uj such that < uj < 1. 

In what folows we use the notation introduced in 12 .51 For every nGNU {0} 

let 



K n = Kt\a), L n = KP(f3), M n = £ 



ie/cr ; (/3) 



where (e n )^L is the standard basis of l 2 . 



Let A n = AP n , B n = BQn and E n = J2o<k+i<n A k®rBi. Clearly, ||A n || < u n , 
\B n \\ < u n and rankE n < M n . Moreover, 



n=0 



n=0 



n,m=0 



where the series are absolutely convergent in the norm topology. Hence, 



l M n+ i ( a ®tB) < \\A® T B -E n \\< 



N=n+1 



A k®rBl 



k+l=N 



By Lemma [4.11 



A k®rBi 



k+l=N 



N 



A Pk®rBQ 



N-k 



< max u k u N - k = u N 



fc=0 

nax 

0<k<N 



< max WAuW \\B 



0<k<N 



k\\ -DJV-fc 



and so 



a M n +l - 



oo _ 



UJ 



n+l 



N=n+1 



UJ 
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By the monotonicity of the approximation numbers, Lemma I2.2[ ([T]) and (joj) 
we obtain 

OO / \ oo 



n=0 



' ;(KkJ~o®(KkX =0 



1-LO 

= * K (^ +1 )kJ- ^(K +1 )xJ^o 

u z {± — UJ) 

< 2 J -M A)®s(B). 

U Z {1 — ID) 

The minimal value of -jtjtzj) f° r w e (0, 1) is 6.75, and so 

a(y4® T S) < 6.75 s(A)®s(B). 



□ 



Theorems 14.21 and 12.101 yield the following corollary. 

Corollary 4.3. Let w = (wn)^^ be a weight sequence with w mn < Cw m w n for 
all m,n and A,Be K(7i) be operators with s(A), s(B) e £ w ,p- Then 

\\a(A® T B)\\^ p < 6.75 C 1 '* \\s(A)\\ WJ> \\s(B)\\ WJ> . 

Consider the weight sequence w = (w n )™ =1 , where w n = ( 1+1 ° n ) 7 . If < a < 1 
and 7 > 0, then w mn < w m w n for all m,n. Hence Corollary 14.31 extends results of 
H. Konig ( [T2l Proposition 3]) and F. Cobos and L. M. Fernandez-Cabrera [6]. 

For the rest of the paper, we will be concerned with elementary operators. 
Let A, B be compact operators in B(7i). We recall that M^b is the operator 
B(H) -> B(H) defined by M AB (X) = AXB and is the operator K(H) -> 

K(H) defined by M^(X) = AXB. Theorems [33J and imply the following 
corollary. 

Corollary 4.4. Let A,B be compact operators in B(7Y). T/ien 

a(M A , B ) < a(M*g* } ) < 6.75 s(A) ® s(5). 

Proof. For every i G H we denote by J x . the functional on 7i defined by /^(y) = 
(y,x). The conjugate space TC of 7i is defined to be the set {/ x . : x G 7i} with 
vector space operations f x + f y = fx+ y , ^fx = /a x an d inner product given by 
(fx, f y ) = (x,y). For every A 6 B(7i) we denote by i G B(7i) the operator 
defined by = 

Note that the map A i— > A is a surjective conjugate linear isometry and that 
s(t4) = s(A), for every compact operator A. 
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Let e be the injective tensor norm. The mapping F : Ti ® H —>■ B(7i) given 
by F (J2i=i ® Vi) = J2i=i x *i ® Vi * s a linear isometry ([151 Ch. IV, Theorem 
2.5]) oiH^eH onto ~K(H). 

We define F : B(H ® W) -> B(K(W)) by F(T) = F o T o F" 1 . Clearly F is a 
surjective linear isometry and F(T) is given by F(T)(x* <S> y) = F(T(f x ® y)) for 
x, y G H. 

For every A G B(7x), where A G B(7i), and every F G B(H) we have that 
(9) F{A® e B) = M% H }. 

Indeed, for every x,y G TC, 

F{A ® e B)(x* ® y) = F(A ® e S)^ ® y) = F(l/ I ® By) = F(/ Ax ® Fy) = 

(Ax)* ®By = B(x* <g> y)A* = mJ^ } (x* <g> y). 
So if A, F G B(W) by © and Theorems EH and we have that 

a (M A)jB ) < a (M*g°) = a (F (F ® e A*)) = a (F ® e A*) 
< 6.75s(F) ® s(A*) = 6.75s(A) ® s(F). 

□ 

Proposition 4.5. Let A be a C* -subalgebra of~B(H) such that K(7Y) C A. Let 

Aj, Fj G A, % = 1, . . . , m, and $ = Y^JiLi Ma^- If the operators Aj (resp. F, 
) ; z = 1, . . . , m, are linearly independent then there exists r G N and a constant 
C > sfic/i that for every n and for every i = 1, . . . , m, 

(Ai) < C h„($) ( 

In particular, if i is a Calkin space and h($) G i then s(Aj) G i (resp. s(Fj) G i) 
/or every z = 1, . . . , m. 

Proof. We will only consider the case where the operators Fj , i — 1, . . . , m, are 
linearly independent. The other case can be treated similarly. 

By [TQJ Lemma 1], there exist r G N and G 7Y, z = 1, . . . , r, such that 



3=1 



1 if z = 1 

if i = 2, . . . , m 



Let 0j : W — > A, j — 1, . . . , r, be the operators given by </> 3 -(£) = £* <8> £, iftj : A. 
7i, j = 1, . . . , r, be the operators given by ipj(B) = Brjj and 

r m r 
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For £ G Ji we have 

° M Ai>Bi o = iPAAMOBi) = MMC, ® OA) 

= r ; ((/>> ; - )' ® = B*^j)Ai^ = (B iVj , QM 

and hence 

m / r \ 

i=i \i=i / 

By the additivity of the singular numbers, we have that 

r 

*rn- r+1 

i=i 

Let C = r max.j = \ r Then Sn^j o $ o 0^) < ||<0 3 -|| ||0 J -||/i n ($) and so 

s nr ,_ r+ i(Ai) < Ch n (i), n G N. 

Finally, by the monotonicity of s-numbers, we have that 

S {a x ) = (s^a,))^ = ((s„w^i))i=o);r=i 

< (( Sw _ r+1 (A 1 )),)- x < C ((Km r )n=v 

If i is a Calkin space and h($) G i, Lemma EH implies that ((h n (Q)) r )^ =1 G i. It 
follows that s(Ai) G i. □ 

The following theorem is the main result of this section. 

Theorem 4.6. Let $ be an elementary operator on B(7Y) {resp. on K(7Y)) ; i be 

a stable Calkin space and s be an s -function. Then s($) G i if and only if there 
exist m G N and Ai, Bi G B(7Y), % = 1, . . . ,m, such that $ = YlT=i ^A it Bi and 
s(Ai),s(Bi) G i for i = 1, . . . , m. 

Proof. We prove the Theorem in the case where <3> is an elementary operator on 
B(7Y). The proof in the case where $ is an elementary operator on K(H) is 
similar. 

Suppose that s($) G i. Let $ = Y^iLx ^Ai,Bi be a representation of $ where 
m is minimal. Then A4 (resp. Bj), % — 1, ... ,m, are linearly independent. Since 
h($) < s($) we have that h($) G i. By Proposition 14.51 s(Ai), s(Bi) G i for every 
i = 1, . . . ,m. 

Conversely, suppose that $ = YmL\ ^A it Bi where s(Ai),s(Bi) G i for every 
% = 1, . . . , m. Since i is stable, Corollary 14.41 implies that afM^.^J G i. By the 
additivity of the approximation numbers, a($) G i and so s($) G i. □ 

Theorem 14.41 provides an upper bound for the the approximation numbers of 
M a ,b m terms of the sequence s(A) <g> s(B). In the following proposition we 
obtain a lower bound for the Hilbert numbers of M a ,b i n terms of the sequence 
s(A) <S> s(B). For 1 < p < 00 we denote by (S p , \\ \\ p ) the Schatten p-class, that 
is, the space of all operators A G K(7Y) such that s(A) G £ p , where the norm is 
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given by ||-A|| p = (Y^Li \ s (A)\ p )v ■ If a = (a n )^ 1 and f3 = ((3 n )^Li are sequences 
of complex numbers we denote by a/3 the sequence {(X n j3 n )^ =l 

Proposition 4.7. Let A, B be compact operators in B(7Y). The following hold: 

(1) If X and fj, are sequences of unit norm in l\ then h.(M AB ) > (As(^4)) (g> 
(»s(B)). 

(2) If X is a sequence of unit norm in i\ thenh(M a,b) > (Xs(A))®s(B) and 
h(M A>B )>s(A)®(Xs(B)). 

In particular, 

(10) h n (M AiB ) > 



n 

Proof. (1) Let A. B G B(7Y) be compact operators of norm one and A* = U\A*\ 
and B = V\B\ be the polar decompositions of A* and B, respectively. Let 
s(A) = (on)~ l5 s(B) = {(3 n )™ =1 and 

oo oo 

\A*\=^2 a i e * ® ei and |B| = ^/* ® 

i=l j=l 

be Schmidt expansions of \A*\ and respectively Let JC be the closed subspace 
of S 2 spanned by the family {/* (g) e^, and F : AC — ► B(7i) be the map given 
by F(X) = UXV*. Clearly ||F|| < 1. 

Consider sequences A = (Aj),/x = (/Xj) G £4 of unit norm and let D x , G 
B(7i) be the operators given by 

00 00 

t=i i=i 

Let G : B(7Y) — > JC be the operator given by G(Y) = D\YD^. Since 

\\D X YDJ 2 < \\D X \\4\DM\Y\\ < \\Y\\ 

the operator G is well defined and \\G\\ < 1. The family {/* ® ej,i,j} is an 
orthonormal basis of AC and 

(G o M A , B o ® e,) = XjCtjmPift ® e,- 

It follows that 

h n (M A>B ) > s n (G o M A>B o F) = (Xs(A) <g> ^s(B))(n) 

and (1) is proved. The proof of (2) is similar. 

We show inequality (11 01) . Let s(^4) <E> = (^ n )neN 

and 7T : N -> N x N , 

7r(n) = (i n ,jn) be a bijection such that z/ n = oii n j3j n . We set A = (Ai)^, /J. = 
(fij)'jL 1 where 
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if ie{ii,...,i n } ( if ie{ji,...,j n } 

if i {«!,... ,M I if t £ 

We have that (As(A) ® /j,s(B))(k) = —j=v k for every & = l,...,n and so 



□ 

It follows from Theorem 14 . 6 1 1 hat if the s-numbers of the symbols of an elemen- 
tary operator $ belong to a stable Calkin space i then the s-numbers of $ belong 
also to i. In what follows we show that this is not true without the assumption 
that i be stable. 

Proposition 4.8. Let u G (0, 1) and i be the principal Calkin space generated by 
the sequence uj = (u; ri ~ 1 )^ =1 . Then there exists A G B(7i) such that s(A) G i and 
HM AA ) G* i. 



oo 
n=l 



Proof. Let A G B(7Y) be such that s(A) = uj. We will show that h(M AiA ) £ i. 
By Proposition 14.71 it suffices to show that the sequence a. = (-(uj ® uj)(n)) 
does not belong to i, or (by Lemma [2. 7p that for every r6N,a^r®w. 

Suppose that there exist r G N and C > such that a < Cr <g> uj. Let 
ol = (a„)^ =1 and r <8> uj = (/3 n )'^' =l . Then for every m we have that 

i 2 

Prom = ui and oc m(m+i) = — -. -ui m 

2 m[m + 1) 

So, if r is an even positive integer and n(r) = "°^ 0+1 ^ we have that 

. .rrn-1 ^ na _ r*. .- L - u ^ — -— 1 



-a; 



«n(r) < CPn(r) = CiO 2 



rr (rr + 1) 

which leads to a contradiction. □ 

5. Elementary operators on C*-algebras 

Let A be a C*-algebra. Recall that an element a G ^4 is called compact if the 
operator M a)tl : ^4 — ► A is compact. We denote by K,(A) the closed two-sided 
ideal of all compact elements of A. The spectrum of A is the set of unitary 
equivalence classes of non-zero irreducible representations of A. We will need 
two lemmas which follow from [TSJ §5.5]. 

Lemma 5.1. Let (p,H) = ((B ieI Pi, © igJ Wi) be the reduced atomic represen- 
tation of A where {(pi,7ii),i G /} is a maximal family of unitarily inequivalent 
irreducible representations of A. Let J — {i G / : pi(K.(A)) ^ {0}}. Let er^ be 
the restriction of pi to K(A). Then the representation o = ({& ieJ cri, ^ ieJ Ti.i) 
is the reduced atomic representation of JC(A). 



5-NUMBERS OF ELEMENTARY OPERATORS ON C*-ALGEBRAS 21 

Lemma 5.2. Let A be a C* -algebra such that A = 1C(A) anda= (© ie j0"i, ©i e j"%) 
be the reduced atomic representation of A. Then A has finite spectrum if and only 
if J is finite. In this case, o~(A) = . 

Theorem 5.3. Let A be a C* -algebra, i be a stable Calkin space and s be an 
s- function. Let $ be a compact elementary operator on A. 

(1) Suppose that 

m 

(11) $ = ^M aiibi a i ,b i eA,i=l,...,m, 

i=i 

and that it is a faithful representation of A such that s(n(ai)), s(7r(6j)) G i, 
i — 1, . . . ,m. Then s($) G i. 

(2) Suppose that K,(A) has finite spectrum and thats(Q) G i. Then there exist 
a representation YliLi M a ,,bi, ca^h G A, i = 1, . . . , m, o/$ and a faithful 
representation n of A such that s(7r(aj)), s(7r(6j)) G i, i — 1, . . . , m. 

Proof. (1) Since s n ($) < a n ($) for each n, it suffices to show that a($) G i. 
By the additivity of the approximation numbers we have that a nm _ m+ i($) < 
YliLi s-niMa^bi). If a(M aii 6 i ) G i for each i = 1, . . . , m, Lemma 12.41 implies that 
a($) G i. Thus, we may assume that $ = M a ^, where a, b G A. 

Let 7r : A — > B(7i) be a faithful representation such that s(7r(a)), s{ji{b)) G i. 
Set A = 7r(a) and 5 = n(b). We denote by the corresponding elementary 

operator acting on ir(A). Clearly, A and B are compact operators and a($) = 
a(M AB ). Let J = tt(.A) n K(ft). By Theorem [331 

a„ (Ma,b) < a„(M^ B ), for every nGff. 

The C*-algebra J is equal to a co-direct sum (BieiJ'i, where Ji = CI„ H <8> K(7-^) 
where is a positive integer, I m . is the the identity operator on a Hilbert space 
of dimension m ; and 7ij is a Hilbert space [31 Theorem 1.4.5 ]. 

Let : J — > K(7Y) be the canonical injection and A : K(7^) — > J the operator 
given by A(X) = PiXPi, where Pj = I m . ® Qi and Qi is the orthogonal 

projection from © ig/ 7-^ onto 7Yj. We have that Mf s = A o M^b ° @ where 

M^g is the corresponding elementary operator acting on ~K(H). Thus, 

an {Mis) < ||A|| a n (mJ™ ) ||0|| < a n (mJ™) . 
By Corollary H31 a($) G i. 

(2) We identify A with p(A) where (p, 7Y) = (© ie/ Pi, © ie / ^i) is the reduced 
atomic representation of A. By [2UI Theorem 3.1], there exist A j,B j G 1C(A), 
j = l,...,m, such that $ = MA oj)Bor Since h n ($) < s n ($) for each n, 

we may assume that s = h. Let $o : JC(A) — > /C(^4.) be the operator defined 
by $ (^) = $P0- % Lemma E31 h($ ) G i. Consequently, the C*-algebra 
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K(A) and the operator <3> satisfy our assumptions. Thus we may assume that 
A = K(A). 

By Lemmas 15.11 and 1 5.21 fC(A) = ©i e / K(7ij) where Jo is a finite subset of /. 
Let i G I Q . Clearly, K(?U) is invariant by $. Let $^ : K(Hi) -> K(?fc) be the 
operator defined by = The operator $j is an elementary operator on 

K(7^j). By Theorem 13. 51 h($j) G i. By Theorem l4.6l there exists a representation 
Eri^.Bij of $j where Aj,Bij G K(Wj) and s(Aj), £ i. Considering 

Ajj and as operators on 7i we obtain that $ = £)i=i X}j=i Ma^^ is a 
representation with the required properties. □ 

Part (2) of Theorem 15.31 does not hold if we do not assume that JC(A) has finite 
spectrum. In fact, we have the following: 

Theorem 5.4. Let A be a C* -algebra. The following are equivalent: 

(1) JC(A) has finite spectrum. 

(2) Let s be an s -function, i be a stable Calkin space and $ be a compact 
elementary operator on A. Assume that s($) G i. Then there exist a 
representation ^27=1 -^^A °f ^ an< ^ a faithful representation n of A such 
that s(7r(aj)), s(7r(6j)) G i for every i — 1, . . . , n. 

Proof. The implication (1) (2) follows from Theorem 15.31 We prove that 
(2) implies (1). Suppose that JC(A) ^ {0} and that JC(A) does not have finite 
spectrum. We will show that for every p > 2 there exists an elementary operator 
$ on A such that 

(a) a($) G £ p , and 

(b) whenever % is a faithful representation of A and <3> = Yji=i M Ci ,dn d{ G 
fC(A), there exists i, 1 < i < n, such that s("/t(q)) G" ^ p or s(ir(di)) G" 

Let a be the reduced atomic representation of /C(.A). Then 

«) = ©W 

jeJ 

It follows from Lemma 15.21 that J is infinite. Choose an infinite countable sub- 
family of the family J. For each j G N, consider a unit vector Cj G TCj. 

Let be the projection of JC(A) such that er(rj) = e* <8> and (A J )^ =1 be a 
decreasing sequence of positive real numbers belonging to ti v but not to l v . We 
set c = Y^j=\^3 r i-> Pk — J2j=i r j an d ® — ^c,c G B(*4). We will show that 
a($)GV 

Let p be the reduced atomic representation of A. Let c n = Y17=i ^ iri - ^ follows 
from Lemma [5.11 that 



n 

M p(Cn)Acn) (p(a)) = ^ai^pi^o-iiri) 
i=i 
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and hence the operator M p ( Cn ) jP ( Cn ) is an operator of rank n. It also follows from 
Lemma O that M p(c)iP(c) - M p(Cn)iP(Cn) = M p(c _ Cn)iP(c „ Cn) . Hence, 

fln(M CiC ) = a„(M p ( c)iP(c) ) < ||p(c- c n _i)|| 2 < A 2 , 

and so a($) G £ p . 

Assume that there exist a faithful representation 71 : A — > B(7i) and elements 
Oj, 6j G /C(.A) for i = 1, . . . , n, such that s( / !t(ai)), s(7r(6j)) G t p , i — 1, . . . , n, and 
$ = £?=i Mxi.fti- We have $(p fc ) = cp k c = Y%=i a iVkh- Hence 7r(c)7r(p fe )7r(c) = 
Ya=x 7r ( a i) 7r (Pfe) 7r ( fe i) and b y continuity 

n 

(12) 7r( C )P7r(c) = ^7r(a l )P7r(6 J ,). 

i=i 

where P = J2'jLi 7l (, r j) * s the sot-limit of the sequence (^(p*;))^!- 
It follows from (fT2]) that n(c)P7r(c) G <S p /2- On the other hand 

00 

7r( C )F7r(c) = ^A J 2 7r(r J ). 

i=i 

It follows that (A 2 ) G £ p /2 and so (Aj) G £ p , a contradiction. 

□ 

We note the following corollary of Theorem 15.31 

Corollary 5.5. Let A be a C* -algebra such that K{A) has finite spectrum, i be 
a stable Calkin space and s be an additive s- function. Let $ be an elementary 
operator on A such that s($) G i. Then $ is a linear combination of four positive 
elementary operators $ J7 j = 1, 2, 3, 4 such that s($,) G i /or ei>en/ j = 1, 2, 3, 4. 

Proof. By assertion (2) of Theorem 15.31 there exist a representation Y^Li M ai ,bi, 
ai,bi £ A, i = 1, . . . , m, of $ and a faithful representation 7r of ^4. such that 
s(7r(ai)), s(7r(6j)) G i, i = 1, . . . ,m. Let $ ± (x) = J J2Zi( a i ± b *) x ( a i ± & i) and 
\E f± (x) = I X^i( a « i ib*)x(a* =F Clearly, all operators ^ r± are positive. 
By assertion (1) of Theorem 15.31 s($ ± ), s(\l/ ± ) G i. A straightforward verification 
shows that $ = $ + — $~ + — ^~). The proof is complete. □ 

We close this section by proving a result which may be viewed as a quantitative 
version of a result of Ylinen [21] . 

Theorem 5.6. Let A be a C* -algebra, a G A and i be a Calkin space. As- 
sume that d(M a>a ) G i. Then s(p(a)) 2 G i where (p,TC) is the reduced atomic 
representation of A 

Proof. Since d(M a a ) G i the operator M a a is compact and it follows from [21] 
that p(a) is compact. 

Let (p,H) = (© i6/ Pi, © i6/ «i). Set C = © ieJ B(W0- 
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Let $ : C — > C be the operator defined by $(X) = p(a)Xp(a). Since p(A) = 
C, Lemma [3761 implies that d($) < d(M p f a ^ jP r a )) and so d($) G i. 

Let p(a) = UA be the polar decomposition of p(a) and A = Y^k=i ^ ke t ® be 
a Schmidt expansion of A Define a : — > C by a((xi)fZi) = x ' e /" ® e i anc ^ 
/3 : C —>• by /?(-X") = ((-X"ej, q))^. Consider the map \I> : £ oo — > ^ defined 
by ^>((x/)^ 1 ) = ^(^^(^((x^^JC/*)). Since a and (3 are contractions we have 
d(\I>) < d($) and so d(^) 6 i. A direct calculation shows that ^((xi)^) = 
(Afxj)g x . It follows [IH Theorem 11.11.3] that d(tf) = (Af)^. Hence, s{A) 2 e 
i. □ 
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